I. INTRODUCTION
Due to the coupling of evanescent waves, near-field thermal radiation can overcome the Planck blackbody limit when the vacuum gap distance between the emitter and receiver is less than the characteristic thermal wavelength of radiation heat transfer. It has become a popular topic in the field of energy harvesting 1,2 and thermal management. 3, 4 In particular, near-field thermal radiation can be further enhanced by coupling the surface plasmon/phonon polaritons (SPP/SPhP) of the interfaces on either side of nanometer vacuum gaps. [5] [6] [7] Besides hyperbolic metamaterial (HMM) 8, 9 is another promising mechanism to enhance the near-field radiation known by its unlimited length of wavevector (highk mode) 10, 11 and broadband enhancement on photonic density of state (PDOS). 12, 13 Even though these two mechanisms have been intensively studied for near-field radiative heat transfer enhancement, most of reported research investigated both SPP/SPhP excitation and HM modes due to the materials electrical response only associated with electrical permittivity, while the magnetic response is usually neglected, or non-magnetic materials are simply assumed. 6, 7 Over past few years, artificial magnetic response or magnetic polariton from nanostructure based metamaterials has been widely investigated for energy applications in the far field. [14] [15] [16] [17] This reveals the possibility of extra modes based on magnetic responses, which can provide additional enhancement on near-field thermal radiation. Recent studies have shown that magnetic surface modes can also be excited for transverse electric (TE) waves based on the effective negative permeability of metamaterials, which leads to additional near-field transfer enhancement in both wave polarizations, but only isotropic materials were considered. 18 The present study focuses on the theoretical analysis of near-field radiative heat transfer between two semi-infinite dual uniaxial electromagnetic metamaterials. In order to reveal the possible additional modes for enhancing near-field thermal radiation, two homogeneous media with two different material property sets will be investigated. The near-field radiative heat transfer is calculated by fluctuational electrodynamics incorporated with anisotropic wave optics by taking into account the electromagnetic responses to both s and p polarized waves. Enhancement modes along with the associated mechanisms will be understood by the energy transmission coefficients and spectral heat fluxes for different material property sets. Furthermore, the effect of vacuum gap distance on the total heat flux will be discussed at different wave polarizations. Figure 1 depicts near-field radiative heat transfer between two semi-infinite homogeneous metamaterials separated by a vacuum gap d to be analyzed in this study. The emitter (Layer 1) is kept at 400 K and the receiver (Layer 2) is at 300 K. The electromagnetic metamaterials are considered to be identical for simplicity, while both respond to electrical and magnetic fields with permittivity e and permeability l, respectively, expressed by Drude and Lorentz models: 18, 19 The electromagnetic metamaterials are considered identical for simplicity, while both respond to electrical and magnetic fields with permittivity e and permeability l that are expressed by the Drude and Lorentz models 18,19
II. THEORETICAL METHODS

A. Material property sets
and
where F ¼ 0.56 is the split ring filling ratio factor, x p ¼ 10 14 rad/s is the equivalent plasma frequency, x 0 ¼ 0.4x p is the effective resonance frequency, and c e ¼ c m ¼ 0.01x p are the electrical and magnetic scattering rates, respectively. 18 Figure 2 plots the real parts of the electrical permittivity e and magnetic permeability l, respectively, expressed by Drude and Lorentz models. Clearly, the electromagnetic metamaterial exhibits metallic behavior, i.e., Re(e) < 0, only at lower frequencies x< x p . On the other hand, it shows negative magnetic response with Re(l) < 0 within a narrow frequency band of x 0 < x < x 0 = ffiffiffiffiffiffiffiffiffiffiffi ffi 1 À F p when c m ( x. Note that when the uniaxial material properties are described by effective medium theory, the vacuum gap should be larger than the unit size of the metamaterial. 20 In order to study the effect of anisotropic material properties on the near-field radiative transfer, both media are assumed to be uniaxial with ordinary permittivity and permeability components following the Drude an Lorentz models, i.e., e k ¼ e and l k ¼ l; while the extraordinary permittivity and permeability components being either 1 or À1, i.e., e ? ¼ l ? ¼ 1 or À 1. These two different property sets of homogenous uniaxial electromagnetic metamaterials, also listed in Table I , are considered here to study possible nearfield enhancement mechanisms because of the responses to both electrical and magnetic fields.
B. Near-field radiative heat transfer between uniaxial electromagnetic metamaterials
In this work, we extend the fluctuational electrodynamics theory exclusively for uniaxial metamaterials that respond to both electrical and magnetic fields. The net radiative heat flux between two semi-infinite dual uniaxial media at temperatures of T 1 and T 2 is given by 21
where H(x,T) is the spectral mean energy of a Planck oscillator at absolute temperature T and angular frequency x,
Here, h, k B , and b are the reduced Planck constant, the Boltzmann constant, and the component of the wavevector parallel to the interface, respectively. The expression for energy transmission coefficient n(x,b) is different for propagating waves (b < x/c) and evanescent waves (b > x/c), both of which consist of two contributions from s and p polarized waves 22 FIG. 2. The real parts of electrical permeability e and magnetic permittivity l respectively obtained by the Drude and Lorentz models described by Eqs.
(1) and (2) . Used parameters are: split ring filling ratio factor F ¼ 0.56, equivalent plasma frequency x p ¼ 10 14 rad/s, effective resonance frequency x 0 ¼ 0.4x p , and electrical and magnetic scattering rates c e ¼ c m ¼ 0.01x p .
TABLE I. Two different property sets of homogeneous uniaxial electromagnetic metamaterials to be studied for near-field radiative heat transfer.
Property sets e k , e 2k e 1? , e 2? l 1k , l 2k l 1? , l 2? 
where the index 1, 0, and 2 represent the semi-infinite emitter 1, the vacuum gap layer, and the semi-infinite receiver 2, respectively. The symbol "Im" indicates the imaginary part of a complex number. r s;p ij is the Fresnel reflection coefficient at the interface between medium i and j for either s or p polarized waves (see Appendix A for detailed derivations)
Here, c s;p i is the z-component of the wavevector expressed under different wave polarizations (see Appendix B for detailed derivations)
where c is the speed of light in vacuum. Note that, due to the uniaxial wave optics, for s polarized waves, only e k determines the electrical responses while both l k and l ? are involved with magnetic response. On the other hand, for p polarized waves, both e k and e ? affect the electrical response, while only l k solely represents magnetic response.
III. RESULTS AND DISCUSSION
A. Transmission coefficients at different wave polarizations
In order to analyze the possible enhancement mechanisms between uniaxial electromagnetic metamaterials, the transmission coefficients n as a function of both angular frequency (x) and normalized parallel wavevector component (bc=x) are first investigated. transmission coefficients n(x,b) of property sets I and II under s polarized waves. Note that, under s polarization, only e k , which follows the Drude behavior, is involved for the electrical response, while both l k and l ? have to be considered for the magnetic response.
In Fig. 3(a) for the property set I, near-field energy transmission enhancement is observed under the shaded region within the frequency range between 4 Â 10 13 rad/s < x < 6 Â 10 13 rad/s, which is corresponding to the Re(l k ¼ l) < 0 region (i.e., x 0 < x < x 0 = ffiffiffiffiffiffiffiffiffiffiffi ffi 1 À F p ). Apparently, as l ? ¼ 1 or as long as l ? is positive, the near-field enhancement within this narrow spectral band is due to the type 2 (i.e., l k < 0, l ? > 0) magnetic hyperbolic mode (m-HM). Outside of the shaded m-HM region, both l ? and l k are positive. Therefore, no other enhancement modes are supported, and the energy transmission is weak as observed.
For the property set II with l ? ¼ À1 instead of 1, as shown in Fig. 3(b) , two broad enhancement bands are observed at frequencies x < 4 Â 10 13 rad/s and x> 6 Â 10 13 rad/s, in which Re(l k ) is positive. Therefore, the broadband near-field enhancements at x < x 0 and x > x 0 = ffiffiffiffiffiffiffiffiffiffiffi ffi 1 À F p are due to the type 1 m-HM mode as long as l k > 0 and l ? < 0. Besides, within the negative magnetic response region Re(l k ) < 0, there exist additional enhancement modes that strongly depend on both frequency x and wavevector b. By plotting the analytical dispersion relation of coupled magnetic SPP (m-SPP) between the uniaxial metamaterials (blue dashed line in the figure), which is obtained through zeroing the denominator of the transmission coefficient for s polarized waves, i.e., 1 À r s 01 r s 02 e i2c 0 d ¼ 0, the perfect agreement with the enhancement bands from the energy transmission coefficient contour undoubtedly confirms the physical mechanism as coupled m-SPP mode. The low and high frequency coupled m-SPP branches merge at the asymptotic frequency where l k l ? ¼ 1, which is exactly the resonance frequency of m-SPP at a single interface between the uniaxial metamaterial and vacuum (see Appendix C for detailed derivations).
Figures 3(c) and 3(d) show the transmission coefficients for both material property sets I and II but under p polarized waves, where only e k , e ? , and l k are involved for the electrical and magnetic field responses. For the property set I with e ? ¼ 1, a broad enhancement band exists in the energy transmission coefficient contour at low frequencies x< x p ¼ 1 Â 10 14 rad/s, where e k < 0 and e ? > 0, indicating the type 2 electrical hyperbolic mode (e-HM). Likewise, there is no near-field enhancement at high frequency range due to the dielectric behavior of the property set I with both positive Re(e k ) and Re(e ? ). Note that, enhancements due to the frustrated total internal reflection 8 still exist when the materials express dielectric behavior, but this effect cannot be seen here since it supports wavevector only at b < ffiffiffiffiffiffiffiffiffiffiffiffiffi e i;? l i;k p x=c according to Eq. (9).
As shown in Fig. 3(d) for the property set II with e ? ¼ À1 under p polarized waves, there exists broadband enhancement at high frequencies x > x p ¼ 1 Â 10 14 rad/s due to type 1 e-HM mode with e k > 0 and e ? < 0, as well as coupled electrical SPP (e-SPP) mode at low frequency region x< x p , in comparison to the narrow m-SPP mode excited by s polarized waves in Fig. 3(b) . The dispersion curves of coupled e-SPP modes are also shown by solving 1 À r p 01 r p 02 e i2c 0 d ¼ 0. Similarly, the two branches of coupled e-SPP modes merges at the asymptotic frequency for that at a single interface where e k e ? ¼ 1 (see Appendix C for detailed derivation).
Note that the enhancement bands associated with m-HM at s polarization and e-HM modes at p polarization are complementary and cover the entire frequency spectra for both property sets I and II. Furthermore, SPP modes would never occur for the property set I with l ? ¼ e ? ¼ 1 at either s or p polarizations as positive l ? and e ? cannot satisfy the m-SPP or e-SPP excitation conditions. On the other hand, for the property set II with l ? ¼ e ? ¼ À1, both m-SPP and e-SPP modes can be excited, respectively, under s and p polarized waves. Note that the conditions provided here are only for coupled SPP modes between the same materials where the asymptotic frequencies are the same as those at the single interface SPP modes given by l k l ? ¼ 1 for m-SPP and e k e ? ¼ 1 for e-SPP between dual uniaxial metamaterials and vacuum. Both conditions are derived through the assumption of b ) x/c, which turns out to be respectively regardless of e k and l k (see Appendix C).
B. Spectral heat fluxes at different wave polarizations
The spectral heat fluxes q(x) can be obtained by integrating the transmission coefficient over b according to Eq.
(3) . Figures 4(a) and 4(b) present the spectral heat fluxes q(x) with different property sets under s and p polarizations, respectively. The green shaded areas indicate the regions where Re(l k ¼ l) < 0 at s polarization and Re(e k ¼ e) < 0 at p polarization. For the property set I, the spectral heat flux is significantly enhanced only within the shaded regions because of the type 2 m-HM and e-HM modes respectively at each s and p polarization. As no coupled SPP modes exist, the spectral heat flux abruptly decreases at frequencies outside of the negative l k and e k regions. On the other hand, for the property set II, the spectral heat flux exhibits strong enhancement within the shaded regions due to coupled m-SPP and e-SPP modes which agrees with the negative l k and e k regions. More importantly, the type 1 m-HM and e-HM modes elsewhere exhibit at least 4 orders of magnitude enhancement under both s and p polarizations in comparison with the property set I. Note that the coupled SPP modes result in narrow-band spectral heat flux peaks within the negative l k and e k regions, whose magnitude is even about one order greater than that associated with the broadband type 2 hyperbolic modes with the property set I.
Clearly, these two property sets with either positive or negative l ? and e ? could lead to significantly different spectral heat flux distributions, which would be favored for different applications. For example, the broadband flux enhancement associated with type 2 hyperbolic modes provided by the material property set I or with type 1 hyperbolic modes from the set II could be useful for augmentation or suppression of radiative heat transfer within the spectral range of interests. The narrow-band flux enhancement or wavelength-selective control of near-field radiative transfer due to coupled SPP modes are highly desired for enhancing thermal energy harvesting and conversion applications like thermophotovoltaics. Moreover, the flux enhancement over the entire spectrum by taking advantage of both HM and SPP modes is of great benefit for thermal management and heat dissipation. Besides, by suitably selecting the materials with either Drude or Lorentz behaviors respectively for the electrical permittivity e or magnetic permeability l, these heat flux enhancement or the HM and SPP modes can be activated selectively for either s or p polarization, which would facilitate polarization-sensitive applications.
C. Effect of vacuum gap on the total heat flux
Finally, the effect of vacuum gap distance (d) on the total heat flux is investigated for the two property sets of dual uniaxial metamaterials in comparison with those for two isotropic cases, one of which possesses the electrical permittivity e k ¼ e ? ¼ e described by the Drude model in Eq.
(1) and magnetic permeability l k ¼ l ? ¼ 1 (i.e., nonmagnetic) and the other isotropic metamaterial has l k ¼ l ? ¼ l given by the Lorentz model in Eq. (2). Figure 5(a) shows the total heat fluxes of four different materials for s polarized waves as a function of d. As the vacuum gap distances decrease from 10 lm to 10 nm, the near-field heat fluxes under s polarization for all three metamaterials with magnetic responses increase monotonically and could exceed the far-field blackbody limit by more than 3 orders except for non-magnetic isotropic material (e, l ¼ 1). It is well known that the near-field heat flux at s polarized waves between non-magnetic isotropic metals is small due to weak coupling of evanescent waves 4, 21 and in this case, the flux is about one order of magnitude smaller than the blackbody limit and little changes with gap distances. For the isotropic metamaterial (e, l) with magnetic responses, the s-polarized total heat flux q is much enhanced with d À2 dependence due to the excitation of coupled m-SPP modes whose strengths increases significantly at smaller vacuum gaps, as studied in Ref. 18 . However, for the dual uniaxial metamaterials with the property set I, the total heat flux is slightly lower than that for isotropic metamaterials, mainly because only m-HM within the limited Re(l k ¼ l) < 0 region but no m-SPP modes exist, as shown in Figs. 3(a) and 4(a) . Moreover, as the dual uniaxial metamaterials with the property set II could excite both m-SPP and type 2 m-HM modes within a broad spectral region, the total heat flux under s polarization can be enhanced to be more than 4 orders greater than the blackbody limit, which is about 1 order more than that for isotropic metamaterials. Figure 5 (b) presents the gap distance effect on the total heat flux for p polarized waves; while the fluxes for all four materials exhibit d À2 dependence as the vacuum gap becomes smaller, exceeding the blackbody limit up to 4 orders of magnitudes. The two isotropic materials (e, l ¼ 1) and (e, l) have almost the same heat fluxes since for p polarization, the identical electrical permittivity e results in the same coupled-SPP resonant modes for near-field heat enhancement, regardless of magnetic response. The total heat flux is further enhanced with dual uniaxial electromagnetic metamaterials. As discussed previously in Figs. 3(c) and 3(d) for p polarization, the uniaxial metamaterial with property set I has broadband type 2 e-HM mode at frequencies x< x p , while the uniaxial metamaterial with property set II exhibits broadband type 1 e-HM mode at high frequencies x > x p and strong coupled e-SPP modes at low frequencies x < x p . As a result, the uniaxial metamaterial with property set II could achieve the highest total heat flux by 2.5 times more than that with the isotropic materials. Figure  5 (c) shows the overall total heat flux for randomly polarized waves by adding those from s and p polarizations. Clearly, the contribution from s polarized waves are significant and thus not negligible compared with that from p polarized waves for all three metamaterials but not the non-magnetic isotropic material (e, l ¼ 1). In fact, the combined total heat flux under randomly polarized waves for the dual uniaxial metamaterials with the property set II is about 4 times higher than that with the property set I, which is slightly greater than the flux for the isotropic magnetic metamaterials.
IV. CONCLUSION
In summary, near-field radiative heat transfer between two uniaxial electromagnetic metamaterials has been theoretically investigated. Besides magnetic response, both electrical permittivity and magnetic permeability were considered to be uniaxial. By studying uniaxial metamaterials with two different material property sets, the results showed that, besides the e-HM and coupled e-SPP modes for p polarized waves, m-HM and coupled m-SPP modes also exist for s polarized waves responsible for the near-field spectral heat flux enhancements. Analytical dispersion relations were used to confirm both coupled m-SPP and e-SPP modes at different polarizations. Furthermore, the near-field total heat flux for s polarized waves, which is comparable to that for p polarized waves and thus cannot be neglected for uniaxial electromagnetic metamaterials, can reach at most 6 times higher than that for isotropic magnetic materials at vacuum gaps less than 1lm. The insights gained here would lead to the finding of a new class of dual uniaxial metamaterials in the near-field radiative transfer for various applications.
